By performing first-principles electronic structure calculations in frames of density functional theory we study the dependence of the valence band shape on the thickness of few-layer III-VI crystals (GaS, GaSe, and InSe). We estimate the critical thickness of transition from the bulklike parabolic to the ring-shaped valence band. Direct supercell calculations show that the ring-shaped extremum of the valence band appears in β-GaS and β-GaSe at a thickness below 6 tetralayers (∼4.6 nm) and 8 tetralayers (∼6.4 nm), respectively. Zone-folding calculations estimate the β-InSe critical thickness to be equal to 28 tetralayers (∼24.0 nm). The origin of the ring-shaped valence band maximum can be understood in terms of k·p theory, which provides a link between the curvature of the energy bands and the distance between them. We explain the dependence of the band shape on the thickness, as well as the transition between two types of extremes, by the k-dependent orbital composition of the topmost valence band. We show that in the vicinity of critical thickness the effective mass of holes in III-VI compounds depends strongly on the number of tetralayers.
I. INTRODUCTION
The III-VI group semiconducting layer compounds GaS, GaSe, and InSe were discovered in the 1930s [1] [2] [3] but attracted considerable attention only in the 1950s-1980s due to their strong structural anisotropy [4] [5] [6] [7] [8] and remarkable nonlinear optical properties [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Each layer of these materials has a hexagonal symmetry and is composed of two planes of metal atoms, sandwiched between two chalcogen planes. The bonds inside such a tetralayer are of covalent type with some ionic contributions [19, 20] . The layers are stacked together with predominantly van der Waals forces and the stacking geometry determines the polytype of macroscopic crystal [21] . The simplest and most frequently described polytypes are β, , and γ . The crystal structure of the most symmetric, β modification, is presented in Fig. 1 .
Since the successful fabrication of graphene [22] , the layered materials have become an object of intense research due to the possibility of obtaining 2D crystals with a thickness of several atoms. Recently, single tetralayers of GaS and GaSe have been fabricated using a mechanical exfoliation method and characterized with atomic force microscopy and Raman scattering spectroscopy [23] . Photodetectors, based on ultrathin GaSe, show a fast response, a high responsivity, and a high quantum efficiency [24] .
The applicability of nanomaterials in electronic and optoelectronic devices is determined by their electronic structure. The energy bands of single tetralayers of various III-VI compounds were obtained in the 1960s and 1970s by different authors [25] [26] [27] [28] [29] [30] . These computations were based on semiempirical approaches with the aim to investigate the electronic properties of bulk compounds within the so-called 2D approximation, the use of which was determined by the lack of computational resources needed for a full-scale computation of macroscopic III-VI semiconductors. For a realistic and * RybkovskiyD@gmail.com accurate description of electronic energy bands of few-layer GaS, GaSe, and InSe, first-principles computations are needed.
In our previous studies we investigated the quantum confinement effects related to the reduction of GaSe crystal thickness by means of density functional theory (DFT) within the local density approximation [31, 32] . Besides a large increase of the quasiparticle gap, we found a qualitative change of the topmost valence band. While the valence band maximum is located at Brillouin zone center in the bulk, it is shifted towards K point in a single tetralayer. Recently it was found that the valence band maximum (VBM) has a sombrero hat shape [33] . A similar feature was previously found to exist in bulk InSe under pressure [34] [35] [36] . The authors found an increase of concentration and mobility of holes, associated with the formation of a ring-shaped VBM under pressure above 4 GPa.
In the present work we investigate the evolution of VBM in few-layer GaS, GaSe, and InSe and determine the critical thickness, at which the transition from the parabolic to ringshaped VBM occurs.
II. COMPUTATIONAL METHODS
To investigate the dependence of the electronic valence band structure on the thickness of GaS, GaSe, and InSe compounds, we performed first-principles calculations based on a plane wave pseudopotential density functional theory. Since the experimental data on the ultrathin III-VI sheets is very limited, to determine the most adequate theoretical approximation we calculated the equilibrium geometry and electronic band structures of bulk β-polytype GaS, GaSe, and InSe crystals using the different types of pseudopotentials and various exchange-correlation functionals.
We found that the use of the PBE [37] functional leads to the overestimation of intralayer bond lengths and cannot reproduce the interlayer bonding, thus leading to a wrong c lattice parameter. The use of the PBEsol [38] functional gave improved in-plane interatomic distances, though the interlayer separation was still overestimated compared to experiment. This is a consequence of the fact that the interlayer coupling is mostly driven by van der Waals interactions, which are not reproduced by the PBE and PBEsol energy functionals. To overcome this problem, we employed the DFT-D2 [39, 40] method with the PBE functional to include semiempirical corrections to the total energy. We found that this approach leads to the best agreement between the calculated and experimentally measured crystal geometry of bulk III-VI crystals. However, we discovered that the use of the PBE-D method in the case of single-tetralayer structures leads to an unexpected order change of the topmost valence bands in single-layer InSe. Therefore we performed our final calculations using a simpler LDA functional that, due to its overbinding tendency, allowed us to mimic the attractive interlayer interaction and, thus, allowed us to reproduce a binding between tetralayers. The overall lattice constants and interatomic distances obtained within LDA are given in Table I .
We also noticed that the inclusion of spin-orbit coupling (SOC) is crucial for a fair reproduction of the in-plane hole effective masses of III-VI materials. For instance, in case of β-GaSe, the value of m ⊥ , calculated without the spin-orbit coupling at theoretical equilibrium lattice geometry, was equal to 1.4m 0 (as compared with the experimental 0.8m 0 ). The inclusion of spin-orbit coupling resulted in a value of m ⊥ = 1.0m 0 (in a better agreement with experiment). At the same time we found that the optimized lattice geometry is weakly affected by a spin-orbit coupling. We therefore performed the structural relaxation without taking the SOC into account to save the calculation time, but we included it in the band structure computations. All calculations have been performed using the QUANTUM ESPRESSO code [43] . The action of core electrons was modeled by the use of scalar relativistic and full relativistic ultrasoft pseudopotentials. The 3d electrons of Ga/In have been considered as valence electrons. The wave functions have been expanded into a plane wave basis set with the energy cutoff of 80 Rydberg. The cutoff for the charge density and potential was equal to 480 Ry. For the Brillouin zone sampling of the bulk material we used a 12 × 12 × 4 k-point grid. For calculations of few-layer structures the supercell method was used with a distance between the surfaces of periodically repeated images of 20Å. A 12 × 12×1 k-point grid was used in the case of two-dimensional structures.
To determine the equilibrium crystal geometry the BFGS algorithm was employed. The geometry optimization in each case has been carried out in two steps. First, only the ion positions have been allowed to relax until all components of all forces acting on atoms became smaller than 10 −4 Ry/a.u. and until the total energy changed less than 10 −6 N Ry, where N is the number of tetralayers in the system. Next, both ions and cell parameters were optimized until the pressure became less than 0.5 kbar.
III. RESULTS AND DISCUSSION

A. Valence bands of III-VI single tetralayers
The optimized lattice constants of single-tetralayer GaS, GaSe, and InSe were found to be 0.2%-0.4% less than in case of bulk materials. After the structural relaxation, the electronic energy bands of these materials have been calculated. The resulting dispersion relations, plotted along the high-symmetry directions of the two-dimensional hexagonal Brillouin zone, are shown in Fig. 2 . The energy curves of the conduction bands are gray colored, since LDA is known to be inaccurate in reproduction of the excited-state energies. The zero energy is adjusted to the top of the valence band.
The nature of the valence electron states of the III-VI compounds has been studied many times [19, 26] , so we give only a short overview. The lowest group of narrow bands is formed by 3d orbitals of In/Ga atoms. Their small width is a consequence of a weak special overlap between the corresponding wave functions. The next two energy bands correspond to the S/Se s orbitals. They are considerably separated from the higher electronic bands. The energy states, lying in the range of −7 to 0 eV, are of the most interest due to their strong hybridization and proximity to the valence zone top. We will focus on the uppermost curves, which might participate in optical and transport properties. The topmost valence band at is formed by S/Se p z orbitals and Ga/In s orbitals. Just below them one can see 8 close-lying energy states, partially split by spin-orbit coupling. At point they consist of p x and p y orbitals of S/Se. The most striking difference between the valence band structure of III-VI single tetralayers and their bulk counterparts is the shape of the topmost valence band. Unlike in the bulk case, where the valence band maximum is located in the Brillouin zone center, in the single-tetralayer material the corresponding energy curve has a local minimum at this point. The maximum is shifted along the -K direction towards K. The local maximum at the -M direction lies a few meV below the global one. We find that this behavior is similar to that observed in a bulk InSe under pressure [34] . Segura and co-workers found a great increase of the hole concentration and mobility in InSe under pressure above 4 GPa. This finding was related to the emergence of a new ring-shaped valence band maximum (RSVBM). They have also shown that the density of states (DOS) of this kind of extremum has a 2D energy dependence, rather than a 3D one, common for parabolic bands in macroscopic materials. The origin of a ring-shaped maximum was explained on the basis of k·p theory. It is possible to draw a similar picture for case of a single III-VI tetralayer.
The k·p theory allows us to link the curvature (or effective mass) of energy bands with the distance between them. In the case of a nondegenerate level E n an inverse of the effective mass m * n at k = k 0 is given by
where m 0 is a free-electron mass and p nj are the momentum matrix elements between the states n and j . The interaction of band n with the underlying bands (E j < E n ) tends to decrease the effective mass m * n , while interaction with the higher bands (E j > E n ) tends to increase it. Moreover, it can be seen from Eq. (1) that the closer the band j is, its contribution to the effective mass of band n is more substantial. In the case of the topmost valence band of a single-tetralayer III-VI, the closest states are the lower-lying valence bands, formed by p x and p y S/Se orbitals, and the higher conduction band. The selection rules for the interaction between these states are contained inside p nj , and can be derived from group theory. We will drop the spin-orbit coupling effects, as they do not affect the qualitative picture. The topmost valence band at transforms according to the (Fig. 3) . Therefore, the interaction with the nearby state results in a positive curvature of the valence band near the point (as the hole effective mass is opposite to that of electron, this hole mass becomes negative), which leads to an occurrence of a local minimum at the Brillouin zone center. However, when we move away from the point, the topmost valence band is turning downwards. At the point where the dispersion bends, a maximum of the ring-shaped band occurs. In the case of a bulk crystal, the energy separation of states, originated from To analyze the density of states of the ring-shaped feature, we use an approximate dispersion for the valence band, similar to that proposed by Errandonea et al. [35] :
Here, E rs is the energy of RSVBM, k rs is its radius, and m rs is the parameter controlling the dispersion curvature in the extremum vicinity in the radial direction. In the energy range
rs /2m rs , the expression for the density of states has the form
Different from a two-dimensional parabolic band, where DOS is energy independent, the DOS for a band with a two-dimensional ring-shaped extremum behaves like that of a one-dimensional parabolic band. We calculate the DOS for GaS, GaSe, and InSe single tetralayers within LDA with a tetrahedron method on a 46 × 46 × 1 k-point grid with a total of 1060 k points. The resulting plots are presented in Fig. 4 . On the zero energy we indeed have found a sharp Van Hove singularity, common for 1D structures. It can be compared with the small, almost energy-independent feature in InSe DOS at 1.67-2.26 eV, arising from the parabolic 2D conduction band. We can therefore conclude that single tetralayers of GaS, GaSe, and InSe have a high, 1D-like electronic density of states of the valence band near the band edge. A more detailed study of the band shape near the extremum revealed a "warped" rather than ring-shaped behavior, with six global maxima along -K directions and saddle points along the -M direction [33] . In this more refined picture, the sharp peak lying only a few meV below the global maxima in DOS is associated with the presence of these saddle points. For an approximate reproduction of the band shape we modified the model dispersion (2) to take into account the angular dependence of E v and the nonsymmetric behavior of the electronic band in the vicinity of the global maximum (in polar coordinates):
Expression (4) use of a model dispersion (4) with parameters from Table II is given in Fig. 5 .
Since we know that the macroscopic crystals of III-VI compounds have a parabolic valence band maximum (while the single tetralayers of these materials exhibit a qualitatively different, ring-shaped valence band maximum), it is interesting to find out at which thickness and how the transition between two types of extrema occurs.
B. Multi-tetralayer structures of GaS, GaSe, and InSe
To investigate the evolution of valence band shape of III-VI compounds with their thickness changing, we carried out the electronic structure computations for systems containing from 1 to 8 tetralayers stacked according to β-polytype. For each Table II (bottom). structure we performed a structural optimization for both the ion positions and the lattice constants.
An addition of new tetralayers to the system results in an appearance of new energy bands with their splitting due to interlayer interactions. Figure 6 shows the band structure fragments of 1, 2, and 3 GaS tetralayers along the -K direction. The energy bands, formed by p x and p y orbitals of S atoms, undergo only small splitting due to a weak spatial overlap of adjacent tetralayer wave functions. p z orbitals, in contrast, have an orientation perpendicular to the layer surface and interact strongly. This results in a strong splitting of corresponding energy bands. This affects the shape of the topmost valence band. As seen from Fig. 6 , the maximum of the valence band shifts towards the Brilluin zone center with an increasing thickness, while the local minimum of dispersion at is pushed out. Our calculations show that for β-GaS and β-GaSe the ring-shaped valence band maximum exists for thicknesses up to 5 and 7 tetralayers, respectively. This is, approximately, 3.9 nm and 5.6 nm (when taking the thickness of tetralayer as a half of the experimental value of c-lattice parameter). For β-InSe, our calculations revealed that RSVB holds for up to 8 tetralayers-the maximal thickness we calculated by using the supercell approach. Computations of systems containing more than 8 layers are facing technical difficulties due to the limitations of computational resources.
To estimate the further behavior of band shape, we employ a simplified approach [sometimes referred to as the zone-folding method (ZFM)]. The ZFM can be used to calculate the band structure of a nanomaterial from the energy bands of the bulk crystal by application of boundary conditions on the electron wave vector. In our case the size-induced confinement is present in the z direction, and we have to determine a set of allowed k z values from geometrical means, that is, the thickness of our structures. In this form the ZFM has been successfully applied to study the effect of confinement on the electronic structure of few-layer graphene [44] . The authors derived the following expression for k z :
where c is a lattice parameter and N is the number of tetralayers, n = ±1, ±2, ±3, . . . , ±int[(N + 1)]. Since we are interested only in the highest valence curves, we take n = 1. The resulting dispersions of the topmost valence bands for GaS, GaSe, and InSe obtained within the supercell approach, as well as some of the lines calculated with the ZFM, are shown in Fig. 7 . The zero energy is counted from the bulk valence band maximum, while the energies of systems containing different numbers of tetralayers are aligned to one of the low-lying Ga/In 3d bands, that is almost unaffected by interlayer splitting. With increasing thickness, the radius of the ring-shaped extremum becomes smaller, and the local minimum at is pushed out, until, at some critical thickness, a transition from RSVB to a parabolic band appears. At this critical thickness, the dispersion in the vicinity of the point becomes almost flat. Above that thickness the topmost valence band exhibits the usual parabolic behavior. For β-GaS and β-GaSe the value of critical thickness was calculated to be equal to 6 and 8 tetralayers or ∼4.6 nm and ∼6.4 nm, respectively. ZFM estimation for β-InSe is 28 tetralayers (∼24.0 nm). Due to the deviations of ZFM results from those of a direct calculation, we would refer to the values of the critical thickness obtained in frames of ZFM as to the upper limits of true values.
The origin of transition between two different types of extremum can be understood on the basis of a k-dependent orbital composition of the topmost valence band. As we already stated, the band splitting is stronger for the states containing p z orbitals of S/Se atoms, which have a significant overlap in the interlayer space. In the case of the uppermost valence band, the amount of p z component is maximal at the point. The admixture of other types of orbitals occurs in the course of moving towards the Brillouin zone boundary. These new orbitals replace p z -like wave functions, and the band splitting becomes smaller for k points far away from the zone center. To illustrate this idea we projected the wave functions of the topmost valence band on the atomic orbitals of atoms in a unit cell. In this basis the wave function at a given k point can be viewed as
where χ i,k (r−R j ) is an atomic orbital of type i, centered on atom j , located at R j . C i,j,k are the expansion coefficients, the squared modulus of which show the portion of corresponding orbital at point k in the wave function. The coefficients are normalized as following:
though we encountered minor deviations from this relation during the numerical decomposition.
The dependence of these coefficients on k for a single GaSe tetralayer, together with the plot of the topmost valence band, omitting the SOC effects, is shown in Fig. 8 . Since there are two atoms of each kind in the unit cell, we plot the magnitude of 2|C i,j | 2 . From Fig. 8 it can be seen that the amount of Se p z component is indeed the largest at the point. The admixture of other orbitals, predominantly Ga p z and Se p x and p y , occurs when moving towards the zone boundary. As a consequence, the strongest interlayer interaction of the topmost valence band occurs at , and the local minimum of the dispersion is pushed out with an addition of new tetralayers. 
C. Hole effective masses
Obviously, such strong changes in the valence band shape should be reflected in the magnitude of the hole effective masses. To study the hole masses, we took the second derivative of the numerical LDA energy bands. We found that for thin systems with few tetralayers, the hole effective masses become strongly k dependent (as can be seen from Fig. 9 ). The dependence of hole masses on tetralayer number for GaS, GaSe, and InSe of β polytype, calculated using the supercell (SC) and zone-folding methods (ZFM), is shown in Fig. 10 . At the thickness below critical, the zone-center hole masses are negative due to an upwards curvature of valence band and are almost isotropic. The masses at the global maximum at k max are positive and highly anisotropic. When approaching the critical thickness, the local minimum at becomes pushed out and the energy band in the vicinity of zone center becomes almost flat, leading to large hole masses in a small area of k space near . At this thickness, the transition to the parabolic valence band occurs. A further increase of thickness leads to the increase of band curvature with the hole masses decreasing down to their bulk values. Figure 10 reveals some deviations of the results obtained with different methods. From the general tendencies we can conclude that the ZFM estimates the upper bound for critical thickness value. At the same time, both approaches confirm the existence of a transition from the ring-shaped to parabolic valence band while the thickness increases. We would also like to mention that our results hold for β modification of III-VI materials, while the values of critical thickness and effective masses may differ for other polytypes.
We should also discuss the possible influence of the underestimation of the band gap, common for LDA calculations, on the values of the effective masses. As we have shown, the zone-center hole masses in GaS, GaSe, and InSe are mostly affected by the interaction with underlying valence bands. The interaction with the higher conduction band is small, and this leads to a fair reproduction of the hole masses even in the presence of an underestimated band gap. For example, the calculated in-plane hole mass for β-GaSe (1.0m 0 ) is in fair agreement with the available experimental data (0.8m 0 ). At the same time, the value of the band gap affects the zone center masses of the conduction band electrons, since their magnitude is determined by the interaction with the valence band − 3 . Therefore, to study the behavior of the electron masses, one has to employ methods capable of the correct estimation of the band gap.
These findings show that the hole effective masses in III-VI layer compounds depend strongly on the thickness, and this might open a way for a size-controlled engineering of charge carrier properties. Another important question is the behavior of hole masses at the critical thickness, where the valence band is almost flat in a small region of k space. Since there are no experimental results on the hole masses for thin III-VI crystals, we will try to draw an analogy with a similar effect, appearing in bulk InSe under pressure. In this case, the authors also predicted from first principles the occurrence of singularity at some pressure, but the experiments did not reveal any signs of this feature [35] . The authors explained this discrepancy by a possible appearance of a substitutional valence band maximum due to the spin-orbit coupling effects, which were absent in their calculations. In our case, SOC was taken into account, but no additional maximums at the topmost valence band have been revealed. Therefore, the behavior of the III-VI layer material electronic structure at their critical thickness, where the transition between two types of band extrema occur, may be an object for further study, both theoretical and experimental.
IV. CONCLUSIONS
In summary, in this paper we present the results of firstprinciples electronic structure calculations of the valence band structures of few-layer GaS, GaSe, and InSe. We investigate the dependence of the band shape on the crystal thickness and show the presence of a transition between two types of band extrema at some critical thickness. The value of this thickness was calculated to be equal to 6 tetralayers (∼4.6 nm) and 8 tetralayers (∼6.4 nm) for β-GaS and β-GaSe and was estimated to be below 28 tetralayers (∼24.0 nm) for β-InSe, respectively. The existence of ring-shaped extrema in few-layer GaS, GaSe, and InSe can be understood on the basis of k·p theory linking the curvature of energy bands and the distance between them. The transition from RSVB to the parabolic valence band occurs due to a k-dependent orbital composition of the topmost valence band, which leads to a strong interaction of the bands in the Brillouin zone center, while only a weak interaction at the zone boundary. The hole effective masses have been found to be k dependent in the few-layer systems and were shown to depend strongly on the number of tetralayers in the vicinity of critical thickness. We have therefore proposed a way of controlling the charge carrier properties in III-VI systems by tuning their thickness.
